
98 ÂÅÑÒÍÈÊ ÎÃÓ 5`2002

1. Óðàâíåíèå, ïðèâîäÿùååñÿ ê óðàâíåíèþ Ýéëåðà-Äàðáó.

Ðàññìîòðèì óðàâíåíèå              ( ) ( ) 01
2 =−+−− −

x

p

yyxx
p uyauuy  (p>0, Rà∈ )                                                     (1)

 Â îáëàñòè Ä, îãðàíè÷åííîé îòðåçêîì ÀÂ îñè xÎ  è äâóìÿ õàðàêòåðèñòèêàìè:

 ÀÑ: ( ) 0
2

2
2

2

=−
+

−=
+p

y
p

xξ ,  ÂÑ: ( ) 1
2

2
2

2

=−
+

+=
+p

y
p

xη .                                      (2)

 Â õàðàêòåðèñòè÷åñêèõ êîîðäèíàòàõ ξ  è η  óðàâíåíèå (1) ïåðåõîäèò â óðàâíåíèå Ýéëåðà-Äàðáó

0=
−

+
−

− ξηξη ξη
β

ξη
α

UUU ,                                                                    (3)

ãäå 
)2(2

2

+
−=
p

apα , 
)2(2

2

+
+=
p

apβ , 0<
2+

=+
p

pβα <1.

 Âîçìîæíû ñëåäóþùèå ñëó÷àè:

 1. à <-
2

p
, òîãäà α >0, β <0;

2. à >
2

p
, òîãäà α <0, β >0;

3. -
2

p
<à <

2

p
, òîãäà α >0 è β >0, ïðè÷åì 0< βα + <1.

Â ÷àñòíîñòè ïðè à =0 α = β  è 0< β <
2

1
; ïðè à=

2

ð
� 0<α =

2+ð
ð

<1 è β =0; ïðè à =
2

ð
 α =0 è 0< β =

2+ð
ð

<1.

Âîîáùå, ïðè -
22

ð
à

ð ≤≤ ìû èìååì êëàññè÷åñêèé ñëó÷àé, äëÿ êîòîðîãî ðåøåíèå çàäà÷è Êîøè èçâåñòíî.
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 Çàäà÷à. Â îáëàñòè Ä1  îãðàíè÷åííîé ëèíèÿìè 0=ξ , 1=η , ξη =  íàéòè ðåøåíèå ( ) ( ) ( )( )IÄÑÄCU nn
UI

1, +∈ηξ
óðàâíåíèÿ (3), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

( ) ( ) ( )∫ −==
ξ

µξξτξξ
0

)(, dtttTU  ml −=µ( > )β –                                             (17)

( ) ( ) ( ) ( )∫ −==−





∂
∂−

∂
∂

−−
+

→

ξ
δβα

ξη
ξξνξη

ξηβα 0

)(
12

1
lim dtttG

UU
 (δ > )1−α                       (18)

 Ó÷èòûâàÿ, ÷òî  ( ) ( ) ( )( )
( )( ) ( ) ⋅−

+−−
−−=−





∂
∂−

∂
∂

−− ∫ +−
+

+
ξβα

βα η
βαβα

ξηξη
ξηβα 0

1)(
1212

1 mlttT
mlUU

+













−
−++++−⋅−





−
−+++−⋅⋅



η
ξηβααα

η
ξηβααβ ;1;1,1;1;,1 dt

t
lmF

t
lmF

( ) ( )
( ) ( )

( )
( ) ( ) ⋅−

−−
−⋅

+−+ΓΓ
+Γ+−Γ+ ∫ −+−

η

ξ

α
β

η
βα

ξη
αβ

βα 1)(
121

1 lmttT
ml

ml

( ) dt
t

lmF
tt

lmFml +













−
−++−+−

−
−−





−
−+−−−+⋅

ξη
ηααβ

ξη
ηα

ξη
ηααβα ;1;1,1;;,

( ) ( ) ( )
( ) ( )dt

t
F

t
FttG∫ ⋅

+−Γ−Γ
−−Γ+Γ+














−
−−−−−+





−
−−−−−−+

ξ
δ

δβα
βαδ

η
ξηβαβδ

η
ξηβαβδη

21

21
;1;1,;1;,)(

2

1

0

Çàäà÷à Êîøè äëÿ óðàâíåíèÿ Ýéëåðà-Äàðáó ñ ïàðàìåòðàìè ααααα>0, βββββ<0, 0<α+βα+βα+βα+βα+β<1Ã.À. Èâàøêèíà
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( ) ( ) ( ) dt
t

F
tt

FttG∫ 













−
−+−−+

−
−−





−
−+−−+−−−⋅ −

η

ξ

βδβ

ξη
ηδββα

ξη
ηα

ξη
ηδββαββηξη ;2;1,1;1;,1)(

ëåãêî ïîêàçàòü, ÷òî îáîáùåííîå ðåøåíèå óðàâíåíèÿ (3), íàéäåííîå ïî ôîðìóëå (16) óäîâëåòâîðÿåò êðàåâûì óñëî-
âèÿì (17) è (18).

 Çàïèøåì ðåøåíèå çàäà÷è ÷åðåç ôóíêöèè ( )ξτ  è ( )ξν . Èíòåãðàëû, âõîäÿùèå â êðàåâûå óñëîâèÿ (17) è (18),
ìîæíî çàïèñàòü â âèäå îïåðàòîðîâ äðîáíîãî ïîðÿäêà èíòåãðèðîâàíèÿ

( ) ( ) ( ) ( )ξµξτ µ
ξ TÄ

1
01 +−+Γ= ,  ( ) ( ) ( ) ( )ξδξν δ

ξ GÄ
1

01 +−+Γ= .

 Îòñþäà,                            ( ) ( ) ( )ξτ
µ

ξ µ
ξ

1
01

1 +

+Γ
= ÄT ,     ( ) ( ) ( )ξν

δ
ξ δ

ξ
1

01

1 +

+Γ
= ÄG                                             (19).

 Ââåäåì ïîíÿòèå ïðîèçâîäíîé Ëèóâèëëÿ äðîáíîãî ïîðÿäêà à>0. Ïóñòü 1−n <a n≤ , òîãäà ôóíêöèÿ

)()( 00 xfÄ
dx

d
xfÄ

na
xn

n
a
x

−=  íàçûâàåòñÿ ïðîèçâîäíîé äðîáíîãî ïîðÿäêà à>0 îò ôóíêöèè )(xf .

 Òàê êàê 0< n+β <1, òî - ( )nn ,1−∈β . Â ñèëó òîãî ÷òî µ >- β , 1+µ  ìîæíî âûáðàòü èç ïðîìåæóòêà ( )1,1 +− nβ ,
òîãäà ( ) ( )11 +−+ nµ <0 è, ñëåäîâàòåëüíî,

( ) ( )
( ) ( ) ( ) ( ) ( )( )∫ −−
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1
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1
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d
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n

n
n

n

n

              (20)

 Â ñèëó ñâÿçêè 0< βα + <1 è ( )nn ,1−∈β � ïàðàìåòð α  ìîæåò ïðèíàäëåæàòü îäíîìó èç ïðîìåæóòêîâ ( )n,β−
èëè ( )β−1,n . Òàê êàê 1+δ >α , òî 1+δ  òàêæå ìîæíî âûáðàòü èç ñëåäóþùèõ óñëîâèé α < 1+δ < n  èëè
n<α < 1+δ <1-β , òîãäà n−+1δ <0, åñëè ( )n,βα −∈  è ( )11 +−+ nδ <0, åñëè ( )βα −∈ 1,n .

 Â îáùåì âèäå äëÿ )(ξG  áóäåì ïîëüçîâàòüñÿ ïðîèçâîäíîé 1+k -ãî ïîðÿäêà, çàìåíèâ â êîíå÷íîì îòâåòå äëÿ
( )ηξ ,U k  íà n ,ò åñëè ( )βα −∈ 1,n  è k  íà 1−n , åñëè ( )n,βα −∈ , ò. å.
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              (21)

 Ñ ó÷åòîì (20) è (21) ðåøåíèå, íàéäåííîå ïî ôîðìóëå (16) ìîæíî çàïèñàòü â âèäå
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−= −−

+

+− t
n

n

n

dzztz
dt

d
dt

t
F

tn
U

0

1

0
1

1

;;,
1

, µ
ξ µµ

τ
η

ξηβααµ
η

ξη
µµ

ξηηξ

( )( )
( ) ( ) ( ) ( )( )∫∫ −−

+

++

+−





−
−++−





−
−

−Γ++ΓΓ
−+Γ+

t
n

n

n

dzztz
dt

d
dt

t
F

t

n 0

1

1

1

;1;,1
1

µ
η

ξ

µαµ

τ
ξη

ηµααβ
ξη

η
µαµβ

ξηβα

( )
( ) ( ) ( )( )∫ ∫ −−

+

+−+−−

+−





−
−−−−−





−
−

−Γ+Γ
−+

t
k

k

k

dzztz
dt

d
dt

t
F

tm 0 0

1

1

11

;2;1,
1

ξ
δ

δδβα

ν
η

ξηβαβδ
η

ξη
δδ

ξη

( )( )
( ) ( ) ( ) ( )( )∫∫ −−

+

+−++−−

−





−
−+−−





−
−⋅

−Γ−Γ+−Γ
−−−Γ+

t
k

k

k

dzztz
dt

d
dt

t
F

t

k 0

1

1

111

;2;1,
12

2 δ
η

ξ

βδδβα
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ηδββα
ξη

η
δαδβ

ξηβα
  (22)

 Ïðèìåíÿÿ ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì, à çàòåì èçìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, (22) ïðåîáðàçóåì ê
âèäó

( ) ( )
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Fzt
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Åñòåñòâåííûå íàóêè
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( )
( ) ( )

( )( ) ( ) dt
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ξ
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;1;1,
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2 1 .          (23)

 Âûïîëíèì â òðåõ ïåðâûõ è â òðåõ ïîñëåäíèõ èíòåãðàëàõ çàìåíó ïåðåìåííûõ ïî ôîðìóëàì ( ) tz =−− λξξ ,
( ) t=−− λξηη  è ( ) tz =−− ληη .
 Îáîçíà÷èì âíóòðåííèå èíòåãðàëû ôîðìóëû (23) ñîîòâåòñòâåííî ( ) ( ) ( )zIzIzI ,,,...,,,,,, 621 ηξηξηξ ∗∗∗∗∗∗ , à êàæäîå

èç ñëàãàåìûõ ( ) ( ) ( )ηξηξηξ ,,...,,,, 621 UUU .
 Ïîñëå ðÿäà íåñëîæíûõ ïðåîáðàçîâàíèé ( )zI ,,1 ηξ∗∗  ïðèìåò âèä
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 Âíóòðåííèé èíòåãðàë âòîðîãî ñëàãàåìîãî
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 Èñïîëüçóÿ ôîðìóëó ïåðåõîäà â îáîáùåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè îò àðãóìåíòà z  ê 
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, ïîëó÷èì
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Ñ ó÷åòîì (24), (25) è (26) ñóììà äâóõ ïåðâûõ ñëàãàåìûõ ôîðìóëû (23) ïðèìåò âèä

( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( )( )∫ 
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Çàäà÷à Êîøè äëÿ óðàâíåíèÿ Ýéëåðà-Äàðáó ñ ïàðàìåòðàìè ααααα>0, βββββ<0, 0<α+βα+βα+βα+βα+β<1Ã.À. Èâàøêèíà
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Ïðèìåíÿÿ n  ðàç ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷èì
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(çäåñü áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì ( )( ) ( )( ) ( ) ( ) 000...00 21 ==′=== −− ττττ òò )
 Ðàññìîòðèì òðåòüå ñëàãàåìîå ôîðìóëû (23)
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Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà -1< n−α <0.
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